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The main goal of the Learning and Teaching Geometry project is to build
professional development materials that provide opportunities for teachers to
learn about mathematical similarity through the use of videocases, in which speciﬁc and increasingly complex mathematical ideas are presented within the
dynamics of classroom practice. The central component of the Learning and
Teaching Geometry materials is the Foundation Module, which is intended to
provide teachers with a thorough grounding in key mathematical and pedagogical issues related to similarity. Field test data indicate that the Foundation
Module can promote gains in both teachers’ and students’ knowledge of similarity. By highlighting the design elements behind this successful professional
development effort and documenting the urgent need for further supports in this
content domain, the paper has important implications for mathematics educators.
Keywords: teacher education; inservice/professional development; teacher
knowledge; videocases; mathematical knowledge for teaching; geometry

Deﬁning similarity
Understanding and implementing the Common Core State Standards (CCSS) around
geometric transformations, congruence and similarity will require a dramatic shift in
the way that these mathematical concepts have typically been deﬁned and applied
in mathematics classrooms. Traditionally, similarity has been deﬁned as ‘the same
shape, not necessarily the same size.’ However, this deﬁnition is imprecise and is
likely to produce faulty conceptions when applied in problem-solving contexts. For
example, ﬁgures that are actually similar (or even congruent) but are oriented differently may confuse students who think the ﬁgures do not look like the ‘same shape’
because they do not recognize that rotated images are congruent to the original
ﬁgure.
Another common, but more mathematically precise, conceptualization of similarity is as a numeric relationship between length measures in two ﬁgures. For example, in describing similar ﬁgures, one might say that corresponding lengths are in
*Corresponding author. Email: nseago@wested.org
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Figure 1. Static approach to similarity.

proportion. We label this a ‘static’ approach to similarity, as shown in Figure 1.
There are proportional relationships when comparing corresponding lengths between
similar ﬁgures or within similar ﬁgures. A particular challenge for students who
hold and apply a static deﬁnition of similarity is determining which parts of given
ﬁgures are corresponding (Seago et al. 2012, in press).
By contrast, a ‘transformations-based’ approach to similarity underlies the CCSS
geometry standards. This approach focuses on rotating, reﬂecting and translating to
determine congruence and enlarging or reducing ﬁgures proportionally (dilating) to
create a class of similar ﬁgures, as shown in Figure 2. One geometric transformations-based deﬁnition of similarity is as follows: a ﬁgure is similar to another if the
second can be obtained from the ﬁrst by a sequence of rotations, reﬂections, translations and dilations. So, if a dilated or scaled image of one ﬁgure can be rotated,
reﬂected and/or translated to exactly match another ﬁgure, the two ﬁgures are similar. While both a static approach and a transformations-based approach to similarity
are mathematically precise, a transformations-based approach is arguably more
robust. For example, a transformations-based deﬁnition of similarity may offer more
clarity in its application to problem contexts – such as by helping students to visualize the corresponding parts of transformed ﬁgures.
Similarity and the Common Core State Standards
The transformations-based approach to similarity in the CCSS is likely to be
entirely new for many US students and teachers, and as such poses a signiﬁcant

Figure 2. Figure transformations-based approach to similarity.
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demand from both a content and a pedagogical content perspective. In particular,
the eighth-grade standards contain a strong and consistent focus on geometric
transformations – including their mathematical properties, how they can be
sequenced and their effect on two-dimensional ﬁgures in a coordinate plane.
Furthermore, the standards indicate that congruence and similarity should be deﬁned
in terms of rotations, reﬂections, translations, and dilations. The current CCSS for
eighth-grade geometry include the following:
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Understand congruence and similarity using physical models, transparencies or geometry software.
(1) Verify experimentally the properties of rotations, reﬂections and translations.
(2) Understand that a two-dimensional ﬁgure is congruent to another if the second can
be obtained from the ﬁrst by a sequence of rotations, reﬂections and translations;
given two congruent ﬁgures, describe a sequence that exhibits the congruence
between them.
(3) Describe the effect of dilations, translations, rotations and reﬂections on twodimensional ﬁgures using coordinates.
(4) Understand that a two-dimensional ﬁgure is similar to another if the second can be
obtained from the ﬁrst by a sequence of rotations, reﬂections, translations and
dilations; given two similar two-dimensional ﬁgures, describe a sequence that
exhibits the similarity between them.

For secondary mathematics teachers, understanding and effectively implementing
the content standards that encourage a geometric transformations-based approach to
learning congruence and similarity is likely to prove very difﬁcult. Supporting both
teachers and students around these standards presents a serious challenge for the
entire mathematics education community. Recently, a national task force of
mathematicians, mathematic educators, state leaders and teacher leaders made
recommendations about which CCSS mathematics domains should be targeted as
priority areas for professional development (PD) and resources in Grades K–8. One
of the ﬁve recommended priority areas is Grade 8 Geometry (McCallum 2011). In
their draft report, the task force noted:
Geometry in the Common Core State Standards is based on transformations, an approach
that is signiﬁcantly different from previous state standards. This is a change for students,
teachers, and teachers of teachers. Challenges include attention to precision and language
about transformations … The transformational approach to congruence and similarity is
likely unfamiliar to many middle grades teachers. (McCallum 2011, p. 9)

Although fore-fronted in the CCSS, geometry content and instruction that
highlights geometric transformations has been absent from most US state
standards and, consequently, from the majority of middle-grade students’ classroom learning experiences. Developing and testing innovative PD materials that
engage teachers in this domain represents an urgent, unmet need in the ﬁeld of
mathematics education.
Promoting teachers’ mathematical knowledge for teaching similarity
Teacher PD that supports the ambitious goals for student learning of geometry set
by the CCSS is essential. Teachers need opportunities to gain a specialized type of
content in geometry: ‘mathematical knowledge for teaching’ (MKT; Ball and Bass

Downloaded by [Nanette M. Seago] at 18:58 25 November 2014

630

N.M. Seago et al.

2000, 2002, Ball et al. 2008), which includes not only a deep understanding of
geometric transformations and similarity but also the knowledge and ﬂuency to
make instructional decisions that support students’ learning of this content. Helping
students to understand a transformations-based approach to similarity means teachers must be able to engage students in geometric thinking and encourage them to
apply geometric transformations to solve problems, as opposed to relying solely on
arithmetic or measurement strategies. This recommendation is likely to pose a signiﬁcant challenge for teachers who are faced with teaching new content in ways
substantially different from the manner in which they learned it (National Council
of Teachers of Mathematics 2006). Although there are increasing numbers of PD
materials designed to help foster teachers’ MKT within the topics of number and
algebra (for example, Barnett et al. 1994, Schifter et al. 1999a, 1999b, Stein et al.
2000, Driscoll et al. 2001, Franke et al. 2001, Seago et al. 2004), far more attention
needs to be given to geometry (Clements and Sarama 2011).
Research has provided emerging evidence that certain characteristics of PD are
important for inﬂuencing changes in classroom practice and supporting student
achievement (Heck et al. 2008, Sample McMeeking et al. 2012). For example, programs with a focus on subject matter knowledge and student learning in that subject
are more likely to have an impact on student achievement than those focused on
more generic topics (Kennedy 1999, Cohen and Hill 2000). In addition, numerous
studies examining the effectiveness of mathematics and science PD have found that
teachers who participated in activities that emphasized content knowledge, active
learning and coherence were more likely to report enhanced knowledge along with
changes in their teaching practice compared with teachers who did not participate
in such programs (Garet et al. 2001, Desimone et al. 2002, Desimone 2009,
Loucks-Horsley et al. 2010).
There is strong evidence that best practices for mathematics PD include providing teachers with learning opportunities that are intensive in focus and extensive in
duration (Garet et al. 2001) and that are ‘practice-based’ – that is, they enable
teachers to examine the mathematical skills and understanding that undergird their
classroom curriculum, investigate students’ mathematical thinking and explore
instructional practices that support student learning (Goldsmith and Schifter 1997,
Simon 1997, Ball and Cohen 1999, Thompson and Zeuli 1999, Cohen and Hill
2000, Smith 2001). By focusing on developing the understanding, skills and dispositions that teachers use in daily practice, practice-based PD provides a meaningful
context for teachers’ learning.
Several research projects have demonstrated that artifacts of practice, such as
classroom video and student work, are effective tools in PD efforts to increase
teachers’ opportunity to gain MKT (Wilson and Byrne 1999, Barnett-Clarke and
Ramirez 2003, Borko 2004, Kazemi et al. 2008). By bringing the everyday work of
teaching into the PD setting, these tools enable teachers to unpack the mathematics
in classroom activities, examine instructional strategies and student learning and
discuss ideas for improvement (Ball and Cohen 1999, Schifter et al. 1999a, 1999b,
Driscoll et al. 2001, Sherin 2001, Kazemi and Franke 2003, Seago et al. 2004).
Speciﬁcally, video offers great potential for teachers to gain a better understanding
of the relationship between pedagogical decisions and practices, students’ mathematical work and the mathematical content (Hiebert and Stigler 2004). With video,
teachers have the opportunity to observe and study the complexity of classroom
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life, and to integrate multiple domains of knowledge to solve problems of practice
(Hiebert et al. 2002).
Just as curriculum does not stand alone in classrooms, video does not stand
alone in PD. Organizing PD around the study of videos does not, in itself, guarantee signiﬁcant teacher learning any more than the use of manipulatives or technology in the classroom ensures that students will develop deep understandings (Ball
1992, Bulgar and Schorr 2004). Like manipulatives and technology, videos are only
tools; professional developers must help teachers use these tools to achieve speciﬁc
learning goals. Without guidance, such as an analytic framework and explicit tasks,
teachers watching videos rarely address subject matter content. Rather, novice video
viewers often focus on superﬁcial matters such as teacher and student characteristics, classroom management issues and broad judgments of lesson effectiveness.
Knowing how to observe teaching, what to look for and what to focus on, and how
to talk about what one sees are important skills to be learned. Learning these skills
helps teachers to more skillfully ‘see’ the subject matter in lessons; discriminate
ways that learners comprehend subject matter; identify problematic features; assess
student responses; detect, diagnose and develop instructional responses to student
errors; and generally gain more insights into their own practice (Berthoff 1987,
Cochran-Smith and Lytle 1993, 1999, Burnaford et al. 1996). Well-speciﬁed PD
materials with facilitation supports guiding their effective use with teachers enhance
the opportunities teachers have to learn.
Theoretical framework for the Learning and Teaching Geometry project
The main goal of the Learning and Teaching Geometry (LTG) project (NSF#
0732757) is to build videocase-based PD materials that provide opportunities for
teachers to expand their MKT. In particular, the LTG PD materials are intended
to help teachers meet the challenges of teaching geometric similarity in accordance with the CCSS, which require deﬁning and applying similarity from a
transformations-based approach.
The theoretical frame for the LTG project is adapted from the work of Ball and
colleagues (Ball and Cohen 1999, Cohen et al. 2003) that incorporates research on
both teaching and learning. As depicted in Figure 3, the content of the LTG PD

Figure 3. Theoretical framework.
Note: Adapted from Cohen et al. (2003).
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materials focuses on the interactions between the teacher, the content (in this case,
similarity tasks) and the students, within the context of an authentic (videotaped)
classroom environment. The materials are designed to be used by a teacher educator
who is faced with a similar set of relationships: the interactions between the teacher
educator, the content (in this case, teaching and learning of geometric similarity)
and the teachers with whom he or she works. The LTG project is based on the premise that both classroom learning and professional learning opportunities are a
function of these reciprocal relationships.
The Learning and Teaching Geometry professional development materials
The LTG PD materials are intended for use in the PD of mathematics teachers
serving Grades 5–10. The materials are modular and sequenced; they consist of a
Foundation Module and four Extension Modules. Each module contains a sequence
of videocases in which speciﬁc and increasingly complex mathematical ideas are
presented within the dynamics of classroom practice. The videocases offer insight
into what an emerging understanding of similarity looks like, and encourage teachers to consider speciﬁc instructional strategies that can foster this understanding.
Some of the videocases portray student thinking about particular concepts and some
videocases portray pedagogical strategies and their impact on students’ opportunities
to learn (Seago et al. 2010).
The LTG PD materials are highly speciﬁed – that is, they delineate in advance
particular learning goals, make explicit their design characteristics, and provide
extensive supports and resources for facilitators (Borko et al. 2011). The resources
include detailed session agendas, PowerPoint slides, lesson graphs (context for the
video clips), time-coded transcripts and a ﬁeld guide (illustrated dictionary) of key
mathematical terms. These resources are intended to support facilitators to follow
the speciﬁed trajectory, while maintaining some degree of ﬂexibility so they can
adapt the materials to their own PD context.
The materials follow a learning trajectory that is designed to enrich teachers’
MKT as well as their ability to support students’ understanding of congruence and
similarity in alignment with the CCSS. Speciﬁcally, they encourage teachers to gain
a robust conception of similar ﬁgures as part of an inﬁnite family that can be
formed by applying one or more geometric transformations. A related focus is to
engage teachers in geometric thinking, highlighting the distinction between arithmetic/measurement strategies versus geometric strategies for solving mathematics tasks.

Figure 4. Trajectory of the Foundation Module.
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Figure 4 illustrates the mathematical storyline in the Foundation Module, noting the
central mathematical focus within and across sessions. The Foundation Module
consists of 10 three-hour sessions that are intended to provide teachers with a thorough grounding in key mathematical and pedagogical issues related to similarity.
Each session has at its core one or more digital video clips of a mathematics
classroom. These clips are unedited segments selected from real classroom footage
of unstaged mathematics lessons, representing a range of grade levels, geographic
locations and student populations. The clips offer a window into a variety of issues
related to content, student thinking and pedagogical moves. These clips typically
represent a conceptual hurdle or portray some degree of mathematical confusion,
based on the expectation that they are likely to provoke inquiry and discussion
within the PD setting. By viewing authentic classroom video footage across multiple and varied contexts, the materials provide insight into what an emerging understanding of similarity looks like as well as speciﬁc instructional strategies that can
foster this understanding.
Prior to watching a given video clip, teachers grapple with the same mathematical task(s) the videotaped students tackled. Signiﬁcant time is devoted to forecasting
alternative solutions, comparing solutions and anticipating student misconceptions.
Typical conversations include consideration of: the mathematical skills, procedures
and concepts entailed in the task; the mathematical reasoning and solution strategies
(correct and incorrect) that students are likely to apply to the task; the affordances
and constraints of different mathematical representations (e.g. pictures, tables,
graphs, equations); and instructional moves, such as questions and scaffolds, that
might be helpful to support students’ learning.
The LTG PD materials explicitly guide participants to consider core instructional
practices that are intertwined with the mathematical content, in the interest of equipping teachers with a larger repertoire of strategies to foster their students’ understanding. For example, some video clips are selected to highlight such practices as
using appropriate representations, making connections between important mathematical ideas, eliciting convincing mathematical explanations and summarizing key
points. For these clips, the LTG PD materials note speciﬁc topics that facilitators
should encourage teachers to discuss. Thus, as the teachers consider important
mathematical ideas, they do so within the context of core instructional practices.
Development of the Learning and Teaching Geometry professional
development materials
The process of developing the LTG materials was guided by a design research
approach, in which there are cycles of invention and revision, resulting in ‘progressive reﬁnement’ of the intended product (Cobb et al. 2003, Collins et al. 2004). To
create an initial draft of the Foundation Module, the LTG project team engaged in a
six-phase design process that involved: conjecturing a sequence of activities based
on a speciﬁed learning trajectory that would provide a mathematically robust experience for middle school teachers around learning and teaching similarity; using a
strategic videotaping process to ﬁlm a number of classroom lessons in which teachers used these activities with their students; selecting promising video clips from
these lessons to map on to the learning trajectory; designing PD modules by
creating a framework for the materials that incorporate these video clips; developing
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videocase resources to promote teachers’ MKT; and revising materials based upon
formative evaluation data.
To create the videocases, the project ﬁlmed several dozen mathematics
classrooms (Grades 5–10) across the United States in which teachers implemented
problems on geometric similarity, most of which were designed by the LTG project
team. A key objective was to obtain video of instruction where transformations
played a central role in the videotaped students’ geometric thinking (Seago et al.
2010). Careful examination of this footage revealed the startling degree to which
both teachers and students relied on numerical and measurement strategies, even
when they were working in the domain of geometry. Despite the purposeful selection of teachers, the majority of their lessons lacked references to transformationbased strategies for solving similarity problems. Throughout the course of the LTG
project, in both developing and piloting the materials, the vast majority of teachers
we encountered did not routinely provide opportunities for their students to make
connections between transformations and similarity.
Based on these insights, the LTG project team developed a set of Geometric
Transformation Workouts (GTWs) for inclusion in the PD materials. The GTWs are
short exercises that require the learner to apply a dynamic conception of geometric
transformations to given problem situations. The various tasks highlight different
aspects of each transformation’s deﬁnition and key mathematical properties. The
GTWs were intended to augment the videocases with mathematical tasks that connect transformations to congruence and similarity. In addition to working on the
GTWs themselves during each session of the Foundation Module, teachers are
encouraged to use the GTWs with their students and to share their experiences.
Another resource the development team added to the materials is the Field Guide
to Geometric Similarity, which is provided to teachers at the beginning of the Foundation Module. The Field Guide includes deﬁnitions, diagrams (with examples and
non-examples), informal language and properties for each of the terms: translation,
rotation, reﬂection, dilation, congruence and similarity. The Field Guide can be
understood as an illustrated dictionary that is designed as a reference tool for
teachers, but can also be used with students. As they progress through the LTG
materials, teachers are continually asked to refer to the Field Guide, make sense of
the information it contains, and apply that information in different problem contexts.
In addition, the LTG project team created several interactive computer applets
for a number of sessions, which display the relevant mathematical content in a
dynamic fashion. The applets provide increased visual access to the key ideas in a
transformations-based approach to similarity, and serve as a springboard for focused
PD discussions related to both understanding and teaching similarity. They are also
offered to teachers for their own classroom use.
The LTG project conducted two rounds of piloting and a ﬁeld test of the LTG
materials. First, in June 2009 the project conducted an up-close pilot of the
Foundation Module with a group of in-service mathematics teachers, led by one of
the developers of the materials. The pilot was attended by the project staff and evaluators, and was videotaped. A detailed review of this initial pilot, as well as feedback from the project’s advisory board, led to a revised version of the Foundation
Module. Revisions included more explicit guidance for facilitators in the agendas
for each session, more support and rationale for the less familiar mathematical ideas
and concepts, some rearranging of activities within sessions, more inclusion of
technology, and adjustments to the Field Guide.
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The revised Foundation Module was then piloted in four sites from January
2010 to June 2010. This second pilot was carried out by facilitators who were wellknown to the LTG project team and had extensive experience facilitating similar
types of mathematics PD. The LTG project team and evaluators attended and/or
videotaped at least one session from each ﬁeld test site, and conducted interviews
with the facilitators. In addition, the facilitators completed detailed session logs and
offered written feedback about each session activity.
Based on information gleaned from the second pilot, additional mathematical
content and facilitation guidance were added to the materials. The next version of
the Foundation Module contained more explicit information about the designers’
intentions; for example, by highlighting for facilitators the rationale and intended
learning goals for speciﬁc tasks and video clips. This version of the Foundation
Module was ﬁeld tested, as described below.
Field test study of the Learning and Teaching Geometry professional
development materials
Field test sites and implementation
A ﬁeld test of the LTG Foundation Module was conducted in eight sites throughout
the United States by a group of nine1 experienced facilitators. Most of the facilitators were state-level or district-level middle and/or secondary mathematics coordinators, and two were university mathematics or education faculty. The ﬁeld test was
conducted over two academic years (2010/11, 2011/12) and used a treatment and
comparison design in order to generate both formative and summative evaluation
data related to impacts on teacher and student knowledge. Each facilitator recruited
both treatment and comparison teachers. Facilitators asked the treatment teachers to
nominate comparison teachers from the same school and grade level. A total of 126
participants (87 treatment teachers, 39 comparison teachers) including middle-grade
teachers, teacher leaders and mathematics coaches were involved in the ﬁeld test
(see Table 1). Two of the eight sites utilized the LTG Foundation Module as a university education course for middle-grade and secondary-grade pre-service teachers.
Implementation schedules varied across sites, in relation to both calendar time
from start to ﬁnish and whether single or multiple sessions were completed in each
meeting. In addition, the ﬁeld test sites used somewhat different versions of the
Foundation Module, depending on which version was available at the time the site
began its PD. None of the ﬁeld test sites used the ﬁnalized version of the Foundation Module, and no site used the full set of LTG PD materials (i.e. the Foundation
Module and the four Extension Modules).
Two of the ﬁeld test sites agreed to administer a student assessment to the students of both the treatment teachers and the comparison teachers. Other sites
declined to participate in this aspect of the evaluation, citing constraints of existing
testing under No Child Left Behind and related high-stakes accountability as reasons why they could not administer the student geometry test. In total, data were
collected from 271 students (163 treatment students, 108 comparison students).
Facilitators who led ﬁeld tests during the 2010/11 academic year participated in
a two-and-a-half day LTG Foundation Module institute training to develop a better
understanding of the rationale, mathematical trajectory and pedagogical approach of
the LTG materials.2 Although the facilitators of the 2011/12 academic year ﬁeld
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testing did not receive this prior training, they implemented an updated version of
the Foundation Module that included additional facilitator supports based on feedback from the prior ﬁeld test. LTG project staff also observed sessions and met with
facilitators during a visit to each site and provided additional support at that time.
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Measures
To measure the impact of the LTG PD on teachers’ MKT in the domain of similarity and geometric transformations, Horizon Research, Inc. (HRI) developed three
instruments: a multiple-choice assessment and two assessments embedded within
the PD. HRI also developed a student assessment to measure the impact of
teachers’ participation in the LTG PD on their students’ knowledge of similarity
and geometric transformations.
Teacher multiple-choice assessment
The multiple-choice teacher assessment includes 25 items related to similarity and
geometric transformations. The items were compiled and modiﬁed from released
items used in state (e.g. California, Missouri, Texas, Washington), national (NAEP –
National Assessment of Educational Progress) and international (TIMSS – Trends in
International Mathematics and Science Study) assessment sources. The items target
speciﬁc content knowledge in ﬁve focus areas: dilation; properties of similarity; ratios
and proportions; scaling; and congruence transformations. About one-half of these
items are purely content based; the rest are set in contexts that situate them in the work
of teaching geometry. The items were reviewed by the LTG developers to validate
them as accurate and appropriate to the content emphasis of the LTG PD materials.
Pilot testing conducted as part of the project helped inform revisions to the instrument
and demonstrated its sensitivity to teacher engagement with PD based on the LTG
materials. The internal consistency of the full multiple-choice assessment was
calculated using Cronbach’s alpha as 0.81 for the pre-test and 0.82 for the post-test.
Embedded assessments
The embedded assessments consist of two tasks that exist within the LTG
Foundation Module: a mathematics task and a video analysis task. Both tasks
address aspects of MKT, including subject matter content knowledge and pedagogical content knowledge (such as knowledge related to anticipating and interpreting
student thinking about similarity). Each task is intended to be administered twice
during the course of the intervention, ﬁrst in an early session of the Foundation
Module and again in a session near the end of the Foundation Module.
The mathematics task asks teachers to examine a group of four rectangles and
determine the three that are mathematically similar. The teachers then answer three
open-ended questions that prompt them to describe/illustrate the set of mathematically similar rectangles, provide the reasoning they used to determine the set and
consider alternative ways students might think about and solve the problem, both
correctly and incorrectly. The two administrations of the mathematics task are the
same, except for the speciﬁc set of rectangles that is presented to teachers.
The video analysis task is based on a video clip of a seventh-grade student who
presents a transformational method of solving the Rectangle Problem, displayed in
Figure 5. After watching the clip, teachers are asked to describe the student’s
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Figure 5. Rectangle problem in the video analysis task.

method, including the critical features of that method, and then explain how a student might apply that same approach to solve two associated problems.

Student multiple-choice assessment
The student assessment contains 20 multiple-choice items and, like the LTG teacher
assessment, targets content knowledge in ﬁve areas: dilation; properties of similarity; ratios and proportions; scaling; and congruence transformations. Items were
drawn from the same sources as the teacher assessment. In addition to review by
LTG staff, HRI tested possible items through cognitive interviews with students in
Grades 7–9. Information gathered from these interviews helped to ensure the items
were clear, plausible and had content validity. Internal consistency reliability of the
full student assessment was calculated using Cronbach’s alpha as 0.71 for both the
pre-test and post-test.
Administration and scoring of measures
The three teacher knowledge assessments were each administered at two time points
to the treatment teachers during implementation of the PD. Table 2 identiﬁes the
sessions in which the assessments were administered to treatment teachers. The
assessments were also administered at two time points to the comparison teachers
in separate meetings. Facilitators were asked to schedule the administration of
assessments to the comparison teachers within the same timeframe as treatment
teachers’ participation in the PD in order to make data collection from these two
groups consistent.
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Table 2. Measures of teachers’ mathematics content knowledge.
Assessment

Sessions administered
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Geometry content knowledge assessment
Mathematics task embedded assessment
Video analysis task embedded assessment

1 and 10
2 and 9
3 and 10

The pre-treatment and post-treatment administrations of the multiple-choice teacher geometry content knowledge assessment were scored to gauge growth related
to the LTG treatment. After embedded assessments from all of the ﬁeld test sites
were returned, four members of the evaluation team scored teachers’ responses
using rubrics tied to speciﬁc teacher learning goals of the LTG project.3
Figure 6 displays the rubric for the mathematics task embedded assessment.
Each criterion was rated on a scale of zero (no), one (somewhat), or two (yes).
Question 1 asked teachers to determine which rectangles in a given set are similar
and explain why they are similar. Criterion 1 for this question was rated on the zero
to two points scale and, depending on the nature of their explanation, Criterion 2,
Criterion 3 and/or Criterion 4 could be rated. Therefore, a teacher’s score for
Question 1 was calculated by adding the score for Criterion 1 to the score for one
of Criterion 2, Criterion 3 or Criterion 4, whichever was greatest. Accordingly, the
possible range of scores for Question 1 was zero to four points. Questions 2 and 3
have two criteria each, and the possible range of scores for both questions was zero
to four points.
The rubric for the video analysis task is displayed in Figure 7. Questions 1 and
2 each have four criteria. Like the mathematics task embedded assessment, the rating scale applied to each criterion was zero (no), one (somewhat) or two (yes). The
scores for Questions 1 and 2 range from zero to eight points. Question 3 has two
criteria, and scores range from zero to four points.
Four members of the evaluation team trained to use the ﬁnal versions of the rubrics before scoring the ﬁeld test data. First, they reviewed a set of sample responses
and discussed them together in relation to the rubric until consensus was reached.

Question

Criteria

1. The response identifies the correct set of mathematically similar rectangles.
1

2

3

2. The response compares within-figure ratios.
3. The response compares across-figures (e.g., identifying ratios of corresponding
parts, scale factor).
4. The response compares the rectangles using dilation.
1. The response identifies an alternative method leading to a correct set of
mathematically similar rectangles.
2. The response specifies/defines general criterion for determining the correct
solution set.
1. The response identifies an alternative method leading to an incorrect set of
mathematically similar rectangles.
2. The response specifies/defines general criterion for determining an incorrect
solution set.

Figure 6. Rubric for mathematics task embedded assessment.
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Question

Criteria
1.
2.

1

3.
4.
1.
2.

Downloaded by [Nanette M. Seago] at 18:58 25 November 2014

2

3.
4.
1.

3

2.

The response indicates using a common vertex as the center of dilation to
determine similar rectangles.
The response indicates that the sides forming the vertex that is the center of
dilation are aligned/lined up (e.g. all vertices aligned, all sides aligned).
The response indicates that for similar rectangles the vertex opposite from the
center of dilation of each rectangle falls along a “line of dilation,” or the
diagonals from the center of dilation line up.
The response correctly describes Randy’s example of non-similar rectangles.
The response indicates that the existing and new rectangles share a common
vertex or center of dilation.
The response indicates that two adjacent sides of the new rectangle will lie
along the same lines as two sides of the original rectangle.
The response indicates that the fourth vertices (opposite from the center of
dilation) of the existing and new rectangles fall along a “line of dilation,” i.e.,
the diagonal.
The response indicates a method or criterion that creates sides that form a new
rectangle (e.g. perpendicular adjacent sides or parallel opposite sides).
The response indicates using a center of dilation (on or off of the triangle) for
adapting Randy’s method for two triangles.
The response indicates an additional criterion to ensure similarity (e.g., altitude,
midpoint, parallel side(s), congruent angle(s), preserving distance, or scale
factor).

Figure 7. Rubric for video analysis task embedded assessment.

Next, the scorers independently scored another set of sample responses and discrepancies in scores were discussed and resolved to ensure consistent interpretation of
responses and application of the rubrics. After training was complete, each of the
ﬁeld test responses was scored independently by two members of the evaluation
team, who were blind both to teacher assignment (treatment or comparison group)
and to the time of administration.4 Independent scorers’ judgments of each response
were compared to identify differences in scoring. The two scorers discussed all discrepancies to come to resolution, sending responses to a third scorer if they could
not resolve a discrepancy through discussion. Initial inter-rater reliability exceeded
80% agreement for all scoring pairs on both embedded assessments. Nearly all discrepancies were resolved between the initial scorers without need for judgment by a
third scorer.
The student knowledge assessment was given twice, at the beginning and end
of the 2010/11 school year, to the treatment and comparison teachers’ students from
two of the ﬁeld test sites. The sample involved 271 students across 20 classrooms.
Responses were scored for comparison to examine differences in growth over the
school year between students of treatment and comparison teachers.
Results
Gains in teachers’ geometry content knowledge
Analysis of the teachers’ multiple-choice assessment scores was conducted using
repeated-measures analysis of variance to test for changes in percent correct scores
over time. This approach controls for overall gains in the treatment and comparison
teacher groups that may be attributed to teacher learning from a year of teaching
practice or to learning from two administrations of the measure.
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A signiﬁcant time by group interaction term (F = 9.65, p < 0.05) indicated
that the change in scores from pre-test to post-test varied depending on
participation in the treatment group or the comparison group. The treatment
group demonstrated an average gain of 8.73 percentage points from pre-test to
post-test, whereas the comparison group demonstrated an average gain of 1.68
percentage points (see Table 3). In other words, teachers who experienced the
LTG Foundation Module gained, on average, 7.05 more percentage points on
their content assessment from pre-test to post-test than teachers who did not
experience the program. In pooled standard deviation units, the size of this
effect was 0.39.
Gains in teachers’ applying their knowledge to classroom contexts
The mathematics task embedded assessment included three questions about similar
rectangles. Questions 1 and 2 asked teachers to provide two different – but correct
– methods to solve the same problem. For the ﬁrst question, the teachers could use
any method of their choosing to solve the problem. Nearly all teachers, regardless
of treatment condition, were able to identify the appropriate set of three mathematically similar rectangles using a correct method on both administrations of the
assessment. For Question 2, the teachers were asked to describe a different method
that their students might employ to solve the problem correctly. Question 3 asked
teachers to provide a method students might use that would lead to an incorrect
solution.
Scores for each question were analyzed using a Wilcoxon signed-ranks test for
examining changes in each overall score from pre-test to post-test for each group.
The False Discovery Rate adjustment for type I error was used to compensate for
multiple comparisons. The comparison group, on average, did not demonstrate signiﬁcant changes in score for any of the three questions on the mathematics task
embedded assessment from pre-test to post-test.
Treatment teachers improved in their explanations of the mathematical reasoning
supporting their chosen method, as shown in Table 4. For the treatment group, on
average, there was a signiﬁcant improvement in the scores on Questions 1 and 2
from pre-test to post-test (p < 0.05). The effect sizes for treatment group gains in
scores on these questions were 0.30 and 0.32, respectively. There was not a

Table 3. Teachers’ geometry assessment scores from the Learning and Teaching Geometry
ﬁeld test.
Treatment group
(n = 83)
Pre-test
Mean (standard deviation)

63.66
(17.96)

Comparison group
(n = 38)a

Post-test
⁄

72.39
(17.88)

Pre-test

Post-test

65.79
(19.48)

67.47
(17.05)

Notes: aOne comparison teacher’s pre-test and post-test data could not be matched due to an error in
the assignment of identiﬁcation numbers.
⁄
A signiﬁcant time by group interaction term indicated that teachers in the treatment condition demonstrated larger improvements in percent correct scores than comparison teachers (repeated-measures analysis of variance; p < 0.05).

2.56
(1.42)
1.88
(1.53)
2.73
(1.27)

1

2

3

2.78
(1.12)

2.73
(1.38)

3.17
(0.73)

Post-test
0.30

0.32

⁄

41 +⁄
29 =
12 –
27 +
31 =
24 –

33 +
36 =
13 –

–

Effect size

Ranks

2.85
(1.31)

1.95
(1.64)

2.82
(1.45)

Pre-test

2.77
(0.96)

2.23
(1.40)

3.18
(1.07)

Post-test

14 +
15 =
10 –

16 +
14 =
9–

8+
28 =
3–

Ranksa

Comparison group (n = 39)

–

–

–

Effect size

Notes: Data presented as mean (standard deviation).
a
Ranks are reported with + indicating the number of teachers showing improvement from pre-test to post-test, = indicating the same score on both administrations, and –
indicating a decline.
⁄
Signiﬁcant improvement from pre-test to post-test scores (Wilcoxon signed-ranks tests; p < 0.05).

Pre-test

Question

a

Treatment group (n = 82)

Table 4. Teachers’ mathematics task embedded assessment scores from the Learning and Teaching Geometry ﬁeld test.
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Figure 8. Teacher A’s responses to mathematics task embedded assessment Question 1.

signiﬁcant change on Question 3 scores from pre-assessment to post-assessment for
treatment teachers. Figures 8 and 9 show sample responses from treatment group
teachers that demonstrate examples of growth for Questions 1 and 2 on the mathematics task embedded assessment.
The video analysis embedded assessment included three questions, prompting
respondents to ﬁrst interpret, and then apply, a videotaped student’s approach to
solving a similarity problem using dilation. For the comparison group, the
Wilcoxon signed-ranks test did not reveal signiﬁcant changes for any of the three
questions.
Table 5 shows that for the treatment group, on average, there was a signiﬁcant
improvement in the overall scores for all three questions from the early and late
administrations of the assessment (p < 0.05 for all questions). The effect sizes for
these questions were 0.32, 0.25, and 0.21 respectively. Treatment teachers’ postassessment responses suggested improved understanding of mathematical similarity
in relation to dilation. Figures 10–12 are sample responses from treatment group
teachers that demonstrate examples of growth for each of the three questions on the
video analysis task embedded assessment.
Gains in students’ geometry content knowledge
Three-level hierarchical linear modeling was used to analyze data collected from
students of treatment and comparison group teachers. This approach accounts for
the repeated measure and the nested data structure of students in classrooms with
the same teacher. A signiﬁcant effect of time (t = 5.69, p < 0.05) indicated that
across groups students’ scores improved over the course of the year, as would be
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Figure 9. Teacher B’s responses to mathematics task embedded assessment Question 2.

expected. Adding a time by group interaction term to the analysis revealed a
signiﬁcant difference (t = 2.31, p < 0.05) in gains between pre-assessment and postassessment scores for students of teachers who were engaged with LTG compared
with students of teachers who were not involved in the PD (see Table 6). Average
pre-post gains for students of treatment group teachers were 6.55 percentage points
higher than gains for students of comparison group teachers. The size of this effect
was 0.49 pooled standard deviation units.
The improvement among students of teachers engaged in LTG appears to have
helped these students ‘catch up’ to the students of teachers in the comparison
group, whose initial scores were, on average, more than six percentage points
higher. In order to explore what changes in performance on the assessment
accounted for this improvement, item-level results were examined by comparing
the percentage of students in the treatment and comparison groups that answered
each item correctly on the pre-tests and post-tests. For 11 of the 20 items, the
gain in the percentage of students answering the item correctly favored the treatment group by eight percentage points or more. None of the gains favored the
comparison group by more than ﬁve percentage points. The 11 items with gains
favoring the treatment group included all three items targeting dilation, three of
the four items targeting congruence transformations and both items targeting properties of similar ﬁgures. In the other two content areas, two of six items targeting
scaling and one of ﬁve targeting ratios favored the treatment group. Although
exploratory, these trends suggest that the treatment group students’ improvements
occurred in the content areas that are especially emphasized in the LTG Foundation Module and, prior to the release of the CCSS, have been less commonly
addressed in middle school curriculum (Confrey and Krupa 2010, Heck et al.
2011).

3.89
(2.03)
4.39
(2.55)
2.00
(1.48)

1

2

3

2.56
(1.37)

5.26
(2.09)

5.02
(2.21)

Post-test

Effect size
0.32

0.25

0.21

⁄

32 +⁄
16 =
18 –
29 +⁄
20 =
17 –

39 +
12 =
15 –

Ranks

1.97
(1.50)

3.87
(2.50)

3.51
(2.61)

Pre-test

1.90
(1.50)

4.38
(2.36)

4.31
(2.14)

Post-test

16 +
10 =
13 –

19 +
5=
15 –

20 +
9=
10 –

Ranksb

Comparison group (n = 39)

–

–

–

Effect size

Notes: Data presented as mean (standard deviation).
a
Data from one ﬁeld test site was removed because participants discussed the video analysis task before providing written responses.
b
Ranks are reported with + indicating the number of teachers showing improvement from pre-test to post-test, = indicating the same score on both administrations, and
– indicating a decline.
⁄
Signiﬁcant improvement from pre-test to post-test scores (Wilcoxon signed-ranks tests; p < 0.05).

Pre-test

Question

b

Treatment groupa (n = 66)

Table 5. Teachers’ video analysis task embedded assessment scores from the Learning and Teaching Geometry ﬁeld test.
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Figure 10. Teacher C’s responses to video analysis task Question 1.

Figure 11. Teacher D’s responses to video analysis task Question 2.

Downloaded by [Nanette M. Seago] at 18:58 25 November 2014

Professional Development in Education

647

Figure 12. Teacher E’s responses to video analysis task Question 3.
Table 6. Students’ geometry assessment scores from the Learning and Teaching Geometry
ﬁeld test.
Treatment group
(n = 162)a
Mean (standard deviation)

Pre-test
36.42
(17.14)

Post-test
45.28⁄
(17.15)

Comparison group
(n = 104)a
Pre-test
42.69
(17.63)

Post-test
45.00
(18.97)

Notes: aOne treatment student’s data and four comparison students’ data were not included in the analysis because more than one-third of their item responses were left blank on one or both administrations
of the assessment.
⁄
A signiﬁcant time by group interaction term indicated that students of teachers in the treatment condition demonstrated larger improvements in percent correct scores than students of comparison teachers
(repeated-measures analysis of variance; p < 0.05).

Discussion
The widespread adoption of the CCSS has prompted calls for substantial PD that
will support teachers of mathematics throughout K–12 in implementing the new
standards. A recently released report of recommendations for Common Core State
Standards for Mathematics professional development (CCSSM-PD) explicitly indicates the need to:
• create and adapt materials for use in CCSSM-PD and build coherent programs
of CCSSM-PD,

648

N.M. Seago et al.

Downloaded by [Nanette M. Seago] at 18:58 25 November 2014

• emphasize the substance of CCSSM-PD, and
• design CCSSM-PD based on features that support teacher learning. (Sztajn
et al. 2011, p. 4)
The development and research process that produced the LTG Foundation
Module and results from the ﬁeld test of these materials offers an instance to
examine empirical evidence in relation to these recommendations. Although the
origins of the LTG PD materials preceded the release and adoption of the CCSS,
the development and research team was attuned to the concurrent development of
the CCSS initiative and best practices in mathematics teacher PD that are consonant
with the recommendations cited above.
The report by Sztajn et al. (2011) called for carefully designed materials to
serve as a foundation for mathematics teacher PD that will support implementation of the CCSS. The LTG materials can be considered an example of the kind
of PD materials recommended in the report. The Foundation Module, designed as
a 30-hour learning experience, along with the Extension Modules address the
recommendation for building coherent programs of PD to support teachers’
implementation of the CCSS. Data from the enactment of the Foundation Module
in a number of different contexts with somewhat varied schedules of implementation attest to the feasibility of using the LTG materials for extended, focused
mathematics teacher PD.
On the point of emphasizing the substance of CCSSM-PD, Sztajn et al. (2011,
p. 5) suggest that an ‘initial focus in professional development’ should involve,
‘those [content topics] that are treated differently in CCSSM than in previous standards (e.g., transformational geometry).’ The LTG materials quite clearly emphasize
such content – in fact, the one that the reports’ authors speciﬁcally named as an
example. The LTG materials assume that teacher participants may have little prior
experience working with geometric transformations, and little knowledge of their
connection to congruence and similarity. Teachers involved in the LTG ﬁeld test
appeared knowledgeable about connections between proportional relationships and
similarity, but the deﬁnition of similarity arising from congruence transformations
and dilation was novel to many of them. Their demonstrated gains on the content
assessments suggest that the geometry content emphasis of LTG may effectively
address this gap in their mathematical knowledge.
Sztajn et al.’s recommendations further advocate that PD ‘takes into account
existing knowledge about effective ways to organize learning experiences for teachers of mathematics’ and that materials ‘provide vivid images of teaching and learning that are consistent with CCSSM’ (2011, p. 4). The extensive use of videocases
in the LTG materials as a basis for engaging teachers in analyzing artifacts of classroom practice addresses these suggestions. Although the video clips of middle-grade
classrooms were not selected as exemplars of instruction, the design of the materials
provides participants with multiple opportunities to consider the qualities of classroom practice that may or may not support students’ learning of content addressed
in the CCSS. The approach of the LTG materials explicitly supports cycles of focus
on mathematics content, coupled with investigations of how content ideas arise and
might be addressed in instruction, a major tenet of practice-based PD (Stein et al.
2000, National Science Foundation 2002, Weiss and Pasley 2009).
Analyses from the ﬁeld test using the LTG PD offer evidence of the promise of
the Foundation Module for achieving the intended teacher knowledge outcomes,
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including gains in geometry content knowledge along with the knowledge to apply
understandings about content in mathematics instructional practice. These analyses
used data from treatment and comparison teacher groups with efforts to ensure
some degree of comparability across groups in terms of school and grade level. The
analyses also controlled for teachers’ initial status on the outcome measures. However, teachers were not randomly assigned to conditions, so factors other than the
LTG PD may account in part for the impacts that were found.
The ﬁeld test also provides initial evidence that teachers’ engagement in the
LTG Foundation Module can lead to improvements in related student knowledge.
An important limitation of the ﬁeld test was the lack of systematic investigation of
what changes may have occurred in participating teachers’ classroom practice in
their geometry instruction, so the link to student outcomes, while promising,
remains relatively tenuous.
Although persuasive, the empirical evidence supporting the intervention has thus
far been based on data in settings where the materials were used within the research
and development process. The ﬁnalized version of the Foundation Module has not
been tested, nor has the complete package of the LTG PD materials that includes
all four Extension Modules been used with any group of teachers at this point in
time. Given the intervention’s demonstrated potential, a critical next step is to study
the delivery of the ﬁnalized version of the intervention by a trained, external facilitator, and carefully examining the impact on teachers’ knowledge, changes in their
instructional practices and related improvements in their students’ knowledge.
What do these results mean for mathematics educators?
The study described in this paper offers a number of take-away messages for others
in the mathematics education ﬁeld. One take-away message concerns the nature of
mathematics PD that exhibits positive learning outcomes. As noted earlier, the LTG
PD materials were based on a theoretical framework that foregrounds the interactions between teacher educators, the content and the participating teachers. The
LTG materials require a knowledgeable facilitator to carry out the demands embedded in the PD. At the same time, the materials provide numerous supports for these
facilitators, such as detailed workshop agendas, mathematics notes and the like. The
content focus of the materials is well deﬁned, connected to current standards and
based on speciﬁc hypotheses about how to support the learning of mathematical
similarity. Videocases are used throughout the PD to ground the materials in teachers’ everyday practice, and to highlight speciﬁc ideas with respect to the content
and pedagogical topics that are the focus of a particular workshop. All of these
design elements were intentionally built into the materials with the goal of supporting teachers’ knowledge of mathematics for teaching similarity. While there is
no doubt that other educators could suggest numerous ways for the LTG materials
to be improved, our message is that this particular theoretical background and
design structure can lead to desirable learning outcomes.
Another take-away message is that there is still important work that remains to
be carried out in order to support a transformations-based understanding of similarity in line with the CCSS. Baseline data from our pre-assessment of both teachers
and students showed that they did not have a strong grasp in this content area. The
teachers, on average, solved about 65% of the items on the pre-assessment
correctly. Those who took part in the PD saw, on average, a gain of approximately
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10 percentage points. How can we help these teachers make further gains? Given
that this content area is so new to middle school teachers, and certainly quite
demanding, other mathematics educators should carefully consider ways to develop
teachers’ mathematical knowledge for teaching similarity. Furthermore, the students
who took part in the study clearly struggled with the content on the assessment.
Although students of the participating teachers demonstrated notable gains in their
knowledge, on average on the post-assessment they missed more than one-half of
the items. Certainly these students need much more support in order to demonstrate
the levels of proﬁciency suggested by the CCSS. The development of additional
resources and supports for teachers and their students in this topic area is urgently
needed.
Funding
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Notes
1. One site was led by two facilitators. All other sites were led by one facilitator.
2. The facilitator of Site 6 also attended the institute training, but was unable to implement
the materials until the 2011/12 school year. This facilitator became part of the LTG project team during the 2010/11 school year and assisted in the revision of the materials
and development of the facilitator support materials.
3. The rubrics were created by the HRI evaluation team and piloted with a group of teachers engaged in pilot implementation of the LTG Foundation Module during 2009. The
rubrics were revised for use in the ﬁeld test.
4. Because the speciﬁc set of rectangles presented for the mathematics tasks in the early
and late session were different, scorers could have distinguished the time of administration. The use of a common rubric and concurrent scoring of responses from the two sessions were employed to limit concerns about non-blind scoring with respect to time of
administration.
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